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     Abstract—Average complexity analysis forms an interesting 

and intriguing part of algorithm theory since it explains why some 

algorithm such as matrix multiplication with bad worst-case 

complexity can better themselves in performance on the average. 

Statistical bound (asymptotic) and their empirical estimate over a 

finite range, the so called empirical O, makes average complexity 

more meaningful. The present paper shows that on how matrix 

multiplication with two dense matrices of order n achieves 

empirical O(n2) complexity with a case study on Amir Schoor’s 

Algorithm. 

 
    Keywords: Amir Schoor’s algorithm, sparse matrices, dense 

matrices, average case complexity 

I. INTRODUCTION 

This is an aggressive research paper based on the 

philosophy:  “As far as the laws of mathematics are certain, 

they do not refer to reality. And as far as they refer to reality, 

they are not certain” – Albert Einstein. 

Average complexity analysis forms an interesting and 

intriguing part of algorithm theory since it explains why some 

algorithm such as matrix multiplication with bad worst-case 

complexity can better themselves in performance on the 

average. Statistical bound (asymptotic) and their empirical 

estimate over a finite range, the so called empirical O, makes 

average complexity more meaningful.  

The present paper shows that Empirical O(n
2
) Complexity 

is convincingly gettable with two dense matrices in nxn 

matrix multiplication with a case study on Amir Schoor’s 

Algorithm. We already know that for square matrices of order 

n, the average case complexity of Amir Schoor’s algorithm is 

O(d1d2n
3
) where d1 and d2 are the densities(fraction of 

non-zero elements) of the pre factor and the post factor 

matrices respectively. For a formal proof, see ref [1]. If the 

product of these densities is kept at 1/n, we automatically have 

an O(n
2
) complexity trivially. For example, we may keep the 

pre factor matrix a sparse matrix with density 1/n and the post 

factor matrix fully dense with density unity. Our aim is to get 

similar complexity under more robust input conditions. 

Therefore, in the present paper, we keep the pre factor matrix 

approximately as dense as triangular [see ref(2)] except that 

the zeroes are randomly allocated and the post factor matrix is 

fully dense. Using “smart statistics” we observe that fits to 

quadratic and cubic are equally good. 

II. DISCUSSION 

The present paper can be discussed into two sections: 

1. Section I describe the Amir Schoor’s algorithm. 

2. Section II gives the observations followed by the 

statistical analysis. 

Section - I 

Amir Schoor’s Algorithm 

Let A, B, and C be pre-factor, post-factor and product 

matrices respectively. Amir Schoor’s algorithm states that for 

every non-zero a(i , k), multiply the k
th

 row of B by a(i , k) and 

add it to the i
th

 row of C. See also ref.[1]The pseudo code for 

the computational version only is as follows:- 

for i = 1 to n 

for k = 1 to n 

while ( a(i , k) <> 0) 

r = a(i , k) 

for j = 1 to n 

b(k , j) = b(k , j) * r 

end for 

for j = 1 to n 

c(i , j) = c(i , j) + b(k , j) 

end for 

end while 

end for 

end for 

We have built the product matrix with all zero entries 

before starting the algorithm. Also, we would be using the 

code for dense matrices only rather than sparse and hence 

Schoor’s original data structure (the “row-column-value” 

structure) normally used for sparse matrices need not be 

adhered to. Recall that a triangular matrix is dense (see 

ref.[2]) with density (n+1)/(2n). Since the borderline between 

sparse and dense matrices is not well defined, we would agree 

to call the pre-factor matrix dense in which the fraction of 

zeroes is approximately equal to that in a triangular matrix. 

Section-II 

The observations on time computation (where time 

consumed on computation can be considered as its response) 

of Amir Schoor’s Algorithm for multiplication of dense 
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matrices are given in Table-1(run times in seconds) for d1= 

(n+1)/(2n) and d2= 1. 

 

 

 

 

III. Table 1

 

      The following plots show the regression analysis on linear, quadratic and cubic fit. 

IVA.Graph1 

 

 
 

Fig. 1                                                               

IV B. Graph 2 

 

 
Fig. 2 

 

 

 

n 

Trial 
1000 1250 1500 1750 2000 2250 2500 2750 3000 

1 0.030 0.060 0.070 0.110 0.140 0.170 0.210 0.250 0.270 

2 0.030 0.050 0.080 0.111 0.130 0.180 0.220 0.260 0.270 

3 0.040 0.060 0.070 0.100 0.140 0.190 0.220 0.291 0.300 

4 0.030 0.060 0.080 0.100 0.160 0.180 0.280 0.321 0.291 

5 0.040 0.050 0.080 0.120 0.181 0.231 0.231 0.310 0.280 

6 0.040 0.050 0.081 0.120 0.160 0.210 0.260 0.320 0.300 

7 0.030 0.070 0.070 0.110 0.151 0.211 0.260 0.291 0.291 

8 0.030 0.050 0.080 0.140 0.171 0.220 0.260 0.260 0.271 

9 0.040 0.060 0.091 0.121 0.150 0.220 0.270 0.260 0.291 

10 0.040 0.071 0.110 0.110 0.160 0.240 0.220 0.260 0.300 
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IVC. Graph 3 

 
Fig. 3 

V. CONCLUSIONS AND SUGGESTIONS FOR 

FUTURE WORK 

It is easy to see that an empirical O(n
2
) complexity is 

certainly gettable with both matrices dense, the pre-factor 

matrix approximately as dense as triangular and the post 

factor matrix fully dense. Future work includes studying 

whether the same can be had if the density of the pre-factor 

matrix is increased even further (this increases robustness of 

input conditions), the post factor matrix remaining fully 

dense. Perhaps the quadratic fit will have to be 

“Kussmaul-protected” (use of D-optimality design is 

proposed). This means that we would be fitting a quadratic fit 

with a data set where observations are taken at those points 

which are optimal points for a cubic fit. The quadratic fit is 

then said to be “Kussmaul-protected” against the error for not 

fitting a cubic fit (see ref. [8]). The protection is suggested 

because we already know that when both matrices are fully 

dense, the complexity becomes O(n
3
) theoretically. It follows 

therefore that, with one density full and the other approaching 

fullness; there will be a certain theoretically proven drift 

towards a cubic pattern. As such, any adventure with a 

quadratic fit demands some kind of protection. Note further 

that to get an empirical O(n
2
) complexity for any two matrices 

convincingly, Coppersmith-Winograd’s algorithm should be 

used. But as this algorithm is not very practicable, we used 

Winograd’s algorithm instead for two arbitrary nxns matrices 

in ref [5] which shows how close we got!  

To the question why we are able to work with a quadratic fit 

without sacrificing predictive power in the present case, two 

arguments come to our minds. First, Schoor has clearly 

claimed that his algorithm is not only fast for sparse matrices 

but also fast for dense matrices because it is faster to work 

with rows only than both rows and columns (see p. 89 of ref 

[1]). But this interesting claim demanded an empirical 

verification and hence our study. Second, when we say Tavg(n) 

= O(f(n)) we merely mean there exist two positive constants c 

and N such that Tavg(n) <cf(n) whenever n>N. It is to be 

remembered that the constant c, which depends on 

implementation, can get very close to zero. If that happens, it 

is quite possible to work with an empirical complexity lower 

than the theoretical counterpart without sacrificing predictive 

power. The concept can be useful in some situations like chain 

matrix multiplication with a large number of matrices in the 

chain (see ref [2]), preventing ill-conditioning brought about 

by unnecessary complicated modeling in a computer 

experiment in general (ref [3]) and in tracking down 

empirically the complexity of an arbitrary algorithm for which 

determining a precise upper bound is a “deep intellectual 

challenge” ( see ref [6] and [4]).  
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